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ABSTRACT. We study the ideal of the algebraic relations among 3-point functions from a com-
binatorial and topological perspective. We place this problem in the broader setting of incidence
toric ideals associated with incidence matrices of t-subsets contained in k-subsets of n elements.
Generators of these ideals admit combinatorial interpretations as null t-designs and topological
interpretations as balanced orientable normal d-pseudomanifolds without boundary. Generators
arising from octahedra play a fundamental role in the structure of these ideals.

1. INTRODUCTION

In this paper, we study toric ideals generated by the relations among the Laurent monomials

Ci,j,k =
1

pi,jpj,kpi,k
, (1.1)

for 1 ≤ i < j < k ≤ n, where the pi,j are pairwise invariants arising from a physics setting that
we now briefly introduce.

The momenta of n particles, considered as points in Cd, are given by vectors p1, . . . , pn ∈ Cd,
where pi = (x1,i, . . . , xd,i). Endowing Cd with the Lorentzian inner product, we obtain the
generators of the invariant ring of C[xs,t] under the SO(1, d− 1)-action as:

pi,j : = pi · pj = −x1,ix1,j + x2,ix2,j + · · ·+ xd,ixd,j, 1 ≤ i < j ≤ n.

Here, SO(1, d − 1) denotes the group of d × d special orthogonal matrices that preserve the
inner product [Wey46, Section 12]. The pairwise inner products pi,j are known as Mandelstam
invariants in physics. For fixed n, the ideals Ĩn,d ⊆ C[ci,j,k] of algebraic relations among the
Laurent monomials in Equation (1.1) form a stabilizing descending chain

Ĩn,1 ⊇ Ĩn,2 ⊇ · · · ⊇ Ĩn,n = Ĩn,n+1 = · · ·
The pi,j are algebraically independent if and only if n ≤ d (see [RSS24, Theorem 2.5]). In this
case, the ideal Ĩn,d is toric and it can be computed by looking at the relations among the cubic
monomials ci,j,k := C−1

i,j,k. With this interpretation, Ĩn,d is an ideal in C[pi,j : 1 ≤ i < j ≤ n].

These ideals naturally arise in the study of three-point functions in Conformal Field Theory
(CFT). If the particles are massless, the norms squared of the momenta are zero: pi,i = 0.
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In CFT, the massless condition allows to not break the symmetry by introducing a preferred
length scale. Correlations between quantum field operators at n spacetime points are called n-
point functions and serve as observables in CFT. Higher-point functions are more complicated,
but in many cases they can be reduced to 2- and 3-point functions through operator product
expansions (OPE). Equation 2.38 in [Ryc17] gives a first example of 3-point function as the
correlator ⟨φ(pi)φ(pj)φ(pk)⟩ of three primary scalar fields of dimension ∆i,∆j and ∆k:

Ci,j,k := ⟨φ(pi)φ(pj)φ(pk)⟩ = c ·
(
p

∆i+∆j−∆k
2

i,j · p
∆i+∆k−∆j

2
i,k · p

∆j+∆k−∆i
2

j,k

)−1

, c ∈ C. (1.2)

Assuming ∆1 = · · · = ∆n = 2, Equation (1.2) simplifies, up to a constant, to the Laurent
monomials in Equation (1.1). In this paper, we study such simplified 3-point functions from an
algebraic and combinatorial point of view.

We discuss the toric case, namely when n ≤ d, within the more general framework of in-
cidence toric ideals (Theorem 3.2). These are defined as the toric ideals associated with the
incidence matrices of the (t, k)-incidence complexes of the (n− 1)-dimensional simplex. Such
matrices encode containments of t-subsets inside k-subsets of n elements. We show they have
maximal rank by using foundational results due to Stanley on the theory of Lefschetz properties
of artinian algebras (Theorem 3.4). Minimal generators of the incidence toric ideal In,k,t arise
from connections with null t-designs, that are balanced functions used in combinatorial design
theory. This connection allows to bound from below the degrees of generators and to show
neighbourliness of the associated rational polytope (Theorem 3.16).

In Section 4 we move to the topological point of view. We relate minimal generators in a
Graver basis of In,k,k−1 to balanced orientable normal d-pseudomanifolds without boundary.
Notice that this class of incidence toric ideal still includes our main motivating class of ideals of
relations of 3-point functions, as Ĩn,n = In,3,2. Binomials coming from balanced triangulations
of (hyper)octahedra carry most of the geometric structure of In,k,t, as, up to saturation, they gen-
erate the same ideal. Moreover, the exponents of these binomials arise in representation theory
as Specht polynomials (see [HMM+13, Section 9.3]). We discuss this relation in Section 3.2.

In Section 5 we discuss the first non-toric case of the ideals Ĩn,d. We show that Ĩn,n−1 is
obtained by adding a principal ideal to Ĩn,n and saturating with respect to the ci,j,k.

2. PRELIMINARIES

2.1. Toric ideals. Toric ideals are a central bridge between commutative algebra and combi-
natorics. They are binomial prime ideals arising as kernel of (Laurent) monomial maps. Let K
be a field and A = (a1 · · · an) ∈ Zd×n be the matrix defining the K-algebra homomorphism

π : K[x1, . . . , xn] → K[t±1 , . . . , t
±
d ], xi 7→ tai

i .

The toric ideal IA associated with A is the kernel of π. Algebraic properties of IA are encoded
by A and the polytope P = conv(A) ⊆ Rd, obtained as the convex hull of a1, . . . , an ∈ Rd. We
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recall some well-known facts and we refer to [Stu96, Chapter 4] for further details. The Krull
dimension of the quotient by IA is the dimension of the Z-lattice spanned by A, that equals the
rank of A. Moreover, if IA is homogeneous, V(IA) is a projective variety whose degree is the
normalized volume of P . Binomials of the form xu+−xu− , where u = u+−u− ∈ kerZ(A) form
a K-basis of IA. Such a binomial is primitive if there is no other vector v = v+ − v− ∈ kerZ(A)
such that v+ < u+ and u+ < u− coordinate-wise. The set of all primitive binomials forms the
Graver basis of IA. Any finite generating set of binomials for IA extracted from the binomials
in {xu+ − xu− : u+ − u− ∈ kerZ(A)} forms a Markov basis for IA [DS98, Theorem 3.1].

Definition 2.1. A finite set M ⊆ kerZ(A) is a Markov basis of IA if for every pair u, v ∈ Nn

with A(u − v) = 0, there are b1, . . . , br ∈ M such that u = v + b1 + · · · + br and the partial
sums v + b1 + · · ·+ bc have non-negative coordinates for every c = 1, . . . , r.

A significant class of toric ideals appears from simple graphs. The edge ring of a graph G is
the toric algebra generated by monomials xe = xixj such that e = (i, j) is an edge of the graph.
The defining ideal of the edge ring is the toric ideal IG, that is the kernel of the homomorphism

K[ye : e ∈ E(G)] → K[xe : e ∈ E(G)], ye 7→ xe.

A finite set of binomial generators is given by primitive even closed walks [Vil95, Proposi-
tion 3.1]. An even closed walk w = {e1, . . . , e2k} ⊆ E(G) is a sequence of an even number of
edges where each consecutive pair ei, ei+1 shares a common vertex, including the first and the
last edge. A primitive even closed walk is an even closed walk that cannot be decomposed into
smaller even closed walks. A (primitive) even closed walk identifies the (primitive) binomial

fw = ye1ye3 · · · ye2k−1
− ye2ye4 · · · ye2k ∈ IG.

In [PS14] the authors propose a natural generalization of even closed walks from graphs to
hypergraphs under the name of monomial walks. Edges are replaced by hyperedges and the al-
ternating structure of an even closed walk is reformulated in terms of balanced edge multisets.
Hyperedges are partitioned into two parts where every vertex appears with the same multiplicity
in both parts. As in the graphical case, monomial walks correspond to binomials in the asso-
ciated toric ideal. However, primitive binomials arising from monomial walks in hypergraphs
do not necessarily have squarefree support as balancing hyperedges allows the use of the same
vertex repeatedly. We adopt the setting of [PS14] and reinterpret it in the language of simpli-
cial complexes. This translation allows us to treat monomial walks as combinatorial objects
supported on facets of a simplicial complex, extending the correspondence between balanced
walks and binomials in toric ideals beyond the graphical case.

2.2. Balanced simplicial complexes. A simplicial complex on n vertices is a collection ∆ of
subsets of [n], called faces, that is closed under inclusion. A face F has dimension dim(F ) =
|F | − 1 and the dimension of a simplicial complex ∆ is the maximum of the dimensions of its
faces. An inclusion-maximal face is called a facet and a face of dimension zero is a vertex. A
simplicial complex is pure if all the facets have the same dimension. We write ∆ = ⟨F1, . . . , Fs⟩
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for the simplicial complex generated by the facets F1, . . . , Fs. The incidence matrix of ∆ =
⟨F1, . . . , Fs⟩ is the s × n matrix M(∆) with entry 1 in position ij if i ∈ Fj and 0 otherwise.
The monomial map defined by the transpose of the incidence matrix of ∆ induces a toric ideal
associated to ∆, which we will consider in later sections.

Definition 2.2 ([Sta79]). A simplicial complex ∆ on n vertices of dimension d− 1 is balanced
if there exists a partition [n] = V1 ⊔ · · · ⊔ Vd such that |F ∩ Vi| ≤ 1 for every face F ∈ ∆.

Equivalent characterizations are that the underlying graph of ∆ is d-colorable and that each
facet contains exactly one vertex of each color. In Section 4 we study the balanced property for
the following class of simplicial complexes.

A d-dimensional pure simplicial complex ∆ is a pseudomanifold if the following hold:

(1) ∆ is strongly connected, that is, for every pair of facets F, F ′ of ∆, there exists a se-
quence of facets F0 = F, F1, . . . , Fs = F ′ such that Fi ∩ Fi+1 is a (d− 1)-dimensional
face of ∆ for every 0 ≤ i ≤ s− 1.

(2) Every (d− 1)-dimensional face of ∆ is contained in at most 2 facets of ∆.

For a pseudomanifold ∆ of dimension d, the simplicial complex ∂∆ whose facets are the
(d− 1)-dimensional faces of ∆ contained in exactly one facet, is called the boundary complex
of ∆. If ∆ is a pseudomanifold such that ∂∆ = ∅, we say ∆ is a pseudomanifold without
boundary. A pseudomanifold without boundary ∆ is said to be orientable if H̃d(∆;Z) = Z.

Example 2.3. Orientable pseudomanifolds without boundary include the class of simplicial
complexes with a geometric realization homeomorphic to a d-dimensional sphere. Such com-
plexes are called simplicial spheres. The standard example of a balanced (d − 1)-sphere is the
boundary of the d-dimensional crosspolytope. This is the polytope in Rd with 2d vertices ob-
tained as the convex hull of {±ei : i = 1, . . . , d}, where ei is the i-th element of the standard
basis. In dimensions d = 2 and d = 3, the boundary of the crosspolytope are, respectively, a
square and an octahedron, which are a balanced 1-sphere and a balanced 2-sphere (see Figure 1).

The link of a simplicial complex ∆ with respect to a face σ ∈ ∆, is the simplicial complex
link∆(σ) = {τ : τ ∩ σ = ∅ and τ ∪ σ ∈ ∆}. The links of a simplicial complex ∆ contain
information about the local properties of ∆. A d-dimensional pseudomanifold ∆ is normal if
link∆(σ) is connected for every face σ of ∆ of dimension k ≤ d − 2. The main examples
of normal pseudomanifolds are simplicial spheres. A non-normal (orientable) pseudomanifold
is any triangulation of the pinched torus (Figure 2). Triangulations of the pinched torus can
be obtained from a triangulation of a sphere after identifying two vertices that do not appear
together in the link of any nonempty face. Since the link of the identified vertex is not connected,
the triangulation is not normal.

Finally, given a d-dimensional pseudomanifold ∆ = ⟨F1, . . . , Fs⟩, the facet-ridge graph
G(∆) is the graph on vertex set {F1, . . . , Fs} and {Fi, Fj} is an edge if and only if Fi ∩ Fj is
a ridge, that is, a face of ∆ dimension d− 1.
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FIGURE 1. The crosspolytope for d = 3: an octahedron, obtained as the convex
hull of ±e1, ±e2, and ±e3. The alternating red and blue coloring reflects that its
boundary is a balanced 2-sphere (see Theorem 4.2).

FIGURE 2. The pinched torus: a topological space whose triangulations are non-
normal orientable pseudomanifolds.

2.3. Lefschetz properties. A standard graded Artinian K-algebra A satisfies the weak Lef-
schetz property (WLP) if there is a general linear form L ∈ A1 such that the induced multipli-
cation maps ×L : Ai → Ai+1 have full rank for every i; such a linear form L is called a weak
Lefschetz element of A. If the iterated multiplication maps ×Lj : Ai → Ai+j have full rank
for every i, j > 0, then A satisfies the strong Lefschetz property (SLP) and we say that L is a
Lefschetz element for A.
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Lefschetz properties serve as algebraic incarnations of the classical hard Lefschetz theorem.
As one of the original applications of these Lefschetz-type theorems to problems in enumer-
ative combinatorics, the proof of the necessity in the g-theorem invokes the hard Lefschetz
Theorem [Sta80a]. Using this machinery, Stanley shows the Bruhat ordering of certain Weyl
groups have the Sperner property [Sta80b]. This amounts to showing that, in characteristic zero,
Artinian K-algebras obtained as quotients by monomial complete intersections have the SLP.

Theorem 2.4 ([Sta80b],[HMM+13, Theorem 3.35]). For any d1, . . . , dn ∈ N∗ and any field K
of characteristic 0, the algebra K[x1, . . . , xn]/(x

d1
1 , . . . , xdn

n ) has the strong Lefschetz property.

In general, exhibiting a Lefschetz element is a difficult task. However, if A is an Artinian
K-algebra defined by the quotient by a monomial ideal, then the SLP and the WLP are entirely
determined by a specific linear form. This fact will be used implicitly throughout.

Lemma 2.5 ([MMRN11, Proposition 2.2]). Let I ⊂ R = K[x1, . . . , xn] be an Artinian mono-
mial ideal, where K is a field of characteristic zero. Then A = R/I has the SLP (resp. WLP) if
and only if L = x1 + · · ·+ xn is a (weak) Lefschetz element for A.

3. INCIDENCE TORIC IDEALS

Let ∆ be a pure simplicial complex on [n] and t < k ≤ n integers. The (t, k)-incidence
complex H∆(t, k) is the simplicial complex with vertex set the t-faces of ∆ and σ is a facet if
and only if it is the collection of t-faces of a k-face of ∆. In other words, facets of H∆(t, k) are
collections of t-faces of ∆ using the same k+1 vertices. By construction, H∆(t, k) is pure and

dim(H∆(t, k)) =

(
k + 1

t+ 1

)
− 1.

In order to take into account all the t-subsets in every k-subsets, we consider the (t− 1, k− 1)-
incidence complex H∆n−1(t − 1, k − 1) of the standard (n − 1)-simplex ∆n−1. We denote by
An,k,t the transpose of the incidence matrix of H∆n−1(t−1, k−1). Note that An,k,t is a

(
n
t

)
×
(
n
k

)
matrix whose rows and columns are indexed, respectively, by the t-subsets and k-subsets of [n].
The toric ideal associated to this matrix is the main object of this paper.

Example 3.1. Let ∆ be the boundary of an octahedron, pictured in Figure 3a. Since ∆ is a
pure simplicial complex, H∆(0, 1) is its underlying graph (the 1-skeleton) and H∆(0, dim∆) =
H∆(0, 2) is the same as ∆. The only nontrivial incidence complex of the octahedron ∆ is
H∆(1, 2), represented in Figure 3b. For ease of display, a vertex {i, j} is labeled as ij. The
facets are shaded blue and red and contain vertices whose labels are the edges of a facet of ∆.

Definition 3.2. Let An,k,t be the incidence matrix of H∆n(t − 1, k − 1). The incidence toric
ideal In,k,t is the kernel of the monomial map with exponent matrix An,k,t:

φ : K[cκ : κ ∈
(
[n]

k

)
] ↠ K[xτ : τ ∈

(
[n]

t

)
], cκ 7→

∏
τ⊆κ

xτ .
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(A) The boundary of an octahedron, the sim-
plicial complex of interest in Theorem 3.1.
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(B) The incidence complex H∆(1, 2) of the
boundary of an octahedron from Theorem 3.1.

FIGURE 3

Example 3.3. (n = 4, k = 3, t = 2) The monomial map φ with exponent matrix A4,3,2 is

φ : K[c123, c124, c134, c234] → K[x12, x13, x14, x23, x24, x34]

c123 7→ x12x13x23, c124 7→ x12x14x24, c134 7→ x13x14x34, c234 7→ x23x24x34.
(3.1)

We index the rows and columns of A4,3,2 by subsets of two and three elements of {1, 2, 3, 4}:



123 124 134 234

12 1 1 0 0
13 1 0 1 0
23 1 0 0 1
14 0 1 1 0
24 0 1 0 1
34 0 0 1 1

 = A4,3,2. (3.2)

We first observe that In,k,t is homogeneous and it defines an irreducible projective toric variety
V(In,k,t) ⊆ P(

n
k)−1. Indeed, since columns of An,k,t have

(
k
t

)
entries equal to 1 and 0 elsewhere,

the vector (1, . . . , 1) is in the rowspan of An,k,t. If t = k, then An,k,t is the identity matrix.
We show that An,k,t has full rank by realizing it as the transpose of the multiplication matrix

by the linear form x1 + · · ·+ xn in a monomial complete intersection, that always has the SLP.
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Proposition 3.4. Let K be a field of characteristic zero and let L = x1+· · ·+xn be a linear form
in the graded Artinian K-algebra A = K[x1,...,xn]

(x2
1,...,x

2
n)

. Then, up to a constant, the multiplication map

×Lk−t : At → Ak

is represented by the transpose of the incidence matrix An,k,t. In particular, An,k,t has full rank:

rank(An,k,t) = min

((
n

t

)
,

(
n

k

))
.

Proof. Let ∆ be a (n − 1)-dimensional simplex. By [Hol25, Proposition 3.7] the incidence
matrix of H∆(t − 1, k − 1) is (up to a constant) the matrix given by ×Lk−t : At → Ak. By
Theorem 2.4, A has the strong Lefschetz property, that is, An,k,t is full rank for every t, k. □

From Theorem 3.4, it follows that the toric ideal In,k,t is nonzero if and only if
(
n
t

)
<

(
n
k

)
;

otherwise, the kernel of An,k,t is trivial. We therefore assume this inequality holds throughout
the remainder of the paper. The first interesting case is shown in the following example.

Example 3.5. (t = 2, k = 3, n = 6) The incidence toric ideal I6,3,2 has 30 binomial generators.
Following the labeling of the octahedron in Figure 3a, they are 15 quartics of the form

c136c246c145c235 − c146c236c245c135 (3.3)

and 15 sextics of the form

c146c156c236c123c345c245 − c136c126c456c145c234c235.

We refer to (3.3) as the octahedral quartics, since they correspond to the 15 relabelings of
vertices of an octahedron. The octahedral quartics (3.3) corresponds to a 2-coloring of the
facets. The ideal I6,3,2 defines a toric variety of codimension 5 and degree 162 in P19.

Corollary 3.6. Let n > k > t be positive integers such that
(
n
t

)
<

(
n
k

)
. Then

height(In,k,t) =

(
n

k

)
−
(
n

t

)
, dim(V(In,k,t)) =

(
n

t

)
− 1.

3.1. Combinatorial and geometric structure of the polytope. In this section we study the
combinatorial properties of the rational polytope Pn,k,t associated with the ideal In,k,t. It is
obtained as the convex hull of the columns of An,k,t. We show that its volume grows with no
polynomial bound for suitable choices of n, k, t and there is no polynomial formula in terms of
n, k, t for it. We will use the following statement from the theory of Lefschetz properties.

Theorem 3.7 ([JK26, Theorem 2.9]). Let A = K[x1,...,xn]

(x2
1,...,x

2
n)

, where K is a field of characteristic p

and L = x1 + · · ·+ xn. Then for integers 0 ≤ t < k ≤ n the map

×Lk−t : At → Ak

has full rank if and only if p > min(k, n− t).
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Proposition 3.8. The normalized Euclidean volume (with respect to the Euclidean lattice) of
Pn,k,k−1 is divisible by every prime p such that

p ≤ min(k, n− k + 1).

Proof. The volume of Pn,k,k−1 is the sum of volumes of the simplices in any of its triangulation,
hence it suffices to find a triangulation such that the volume of every simplex is divisible by
primes p ≤ min(k, n − k + 1). The volume of a simplex ∆ on ℓ + 1 vertices is the absolute
value of the determinant of the matrix whose columns are the directions of its edges containing
a fixed vertex v0. This is the determinant of the ℓ × ℓ matrix M∆, whose columns are the
coordinates of the vertices of ∆, shifted by the first column. Since the gcd of all ℓ-minors is
preserved by row and column operations, the volume of ∆ is equal to the gcd of the ℓ-minors of
the matrix whose columns are the coordinates of vertices of ∆. In particular, if the vertices of ∆
are also vertices of Pn,k,k−1, these minors are nonzero maximal minors of the matrix An,k,k−1.

Next, note that every polytope can be triangulated without introducing new vertices by simply
coning over some vertex. Consequently, if a prime p divides the greatest common divisor of
the nonzero maximal minors of An,k,k−1, it also divides the volume of every simplex in any
triangulation mentioned above. To conclude, we consider [An,k,k−1]p to be the matrix An,k,k−1

modulo p. Since p divides the gcd of all i-minors of An,k,k−1 if and only if the rank of [An,k,k−1]p
is smaller than i, the result follows by Theorem 3.7. □

Corollary 3.9. The volume of Pn,k,t is not a polynomial function in n, k, t.

Proof. If t = k − 1 and n = 2k − 1, by Theorem 3.8 the volume of P2k−1,k,k−1 is divisible by
the product of every prime number smaller than k and such product grows like e

k
log(k)

log( k
log(k)

)

[HW60, Section 22.18]. Hence, the volume V (P2k−1,k,k−1) grows faster than any polynomial
function in k. It follows that V (Pn,k,t) cannot be expressed as a polynomial function in n, k, t.

□

We note that the volume being computed in the statements above is not equal to the degree of
the variety V(In,k,t), since we are normalizing the volume with respect to the Euclidean lattice,
instead of the lattice induced by An,k,t. This leaves the following question open.

Question 3.10. How to compute efficiently the degree of In,k,t?

We employ null t-design functions to identify lower dimensional faces of Pn,k,t and to obtain
a lower bound for the degrees of generators of In,k,t. We denote by 2[n] the powerset of [n].

Definition 3.11. A function f : 2[n] → R is a null t-design if, for every X ∈ 2[n] with |X| ≤ t,
the following balance condition holds: ∑

X⊆F⊆[n]

f(F ) = 0 . (3.4)
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Moreover, we define the support and the positive support of f , respectively, as the sets

supp(f) =
{
F ∈ 2[n] : f(F ) ̸= 0

}
and supp+(f) =

{
F ∈ 2[n] : f(F ) > 0

}
.

Null t-designs are also known as functions of strength t or 0-configurations, see [DF82,DFS83].
A null t-design is k-uniform if f(F ) ̸= 0 implies |F | = k, that is, supp(f) ⊆

(
[n]
k

)
. By

definition, if f is a k-uniform null t-design, then it is a k-uniform null s-design for every s < t.

Proposition 3.12. Let f : 2[n] → R be such that f(F ) ̸= 0 only if |F | = k. Then, f is a k-
uniform null t-design if and only if the balance condition (3.4) is satisfied for t-subsets, that is,∑

X⊆F⊆[n]

f(F ) = 0 ,

for every X ∈ 2[n] with |X| = t.

Proof. Let f : 2[n] → R be a function with support contained in
(
[n]
k

)
satisfying Equation (3.4)

for every X ∈ 2[n] with |X| = t. Let X be a subset of [n] with |X| = s < t. Refining the
balance condition (3.4) by grouping sets F according to intermediate t-subsets yields(

k − s

t− s

) ∑
X⊆F⊆[n]

f(F ) =
∑

X⊆Y⊆[n]
|Y |=t

∑
Y⊆F⊆[n]

f(F ) = 0 ,

and we conclude that f is a k-uniform null t-design. The converse of the statement is trivial. □

We now describe the relationship between k-uniform null t-designs and binomials in In,k,t.

Proposition 3.13. There is an isomorphism of Z-modules between kerZ(An,k,t) and k-uniform
null t-designs with values in Z.

Proof. Let Dn,k,t be the Z-module of k-uniform null t-designs with domain 2[n] and consider

φ : Dn,k,t −→ kerZ(An,k,t)

f 7−→ (f(F ) : |F | = k) .

This map is well-defined. Indeed, if f : 2[n] → Z is a k-uniform null t-design, and X ∈ 2[n]

with |X| = t, condition (3.4) guarantees that (f(F ) : |F | = k) ∈ kerZ(An,k,t), because the
sum is over k-subsets containing X and An,k,t has 1 in row (indexed by) X whenever X is a the
k-subset of (the index of) column F and 0 otherwise. Clearly, φ is Z-linear and it is injective.
Surjectivity is a consequence of Proposition 3.12. □

From the isomorphism in Proposition 3.13, we see that a null t-design f corresponds to
a binomial uf = xφ(f)+ − xφ(f)− in the toric ideal In,k,t. The degree of uf depends on the
cardinality of the support of f , which is bounded from below by the following result.
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Theorem 3.14 ([DFS83, Theorem 1]). Let f be a not identically zero null t-design. Then

|supp+(f)| ≥ 2t .

Corollary 3.15. Every polynomial in In,k,t has degree at least 2t, with equality for squarefree
binomials.

Proof. Since f is a k-uniform null t-design if and only if −f is a k-uniform null t-design, the
previous theorem implies that f is nonzero on at least 2t+1 subsets of [n] ([FP83, Theorem 1]):

|supp(f)| ≥ 2t+1.

The binomial uf has degree

deg(uf ) ≥ max{|supp+(f)|, |supp+(−f)|} ≥ 2t.

Moreover, if uf is squarefree, the first bound is attained as

deg(uf ) =
1

2
|supp(f)| = |supp+(f)| = |supp+(−f)| ≥ 2t. □

We recall that a polytope is s-neighborly if every set of s or fewer vertices forms a face.

Theorem 3.16. The polytope Pn,k,t is (2t − 1)-neighborly.

Proof. Let F be a set of vertices of Pn,k,t that does not form a face. Then there exists a vertex
a ̸∈ F of Pn,k,t, such that some rational convex combination of vertices in F coincides with a
rational convex combination of vertices in F ∪ {a}, where a appears with nonzero coefficient.
Equivalently, there exists a vector v ∈ ker(An,k,t) whose positive part v+ corresponds to an
integer linear combination of columns of An,k,t indexed by F , while the negative part v− corre-
sponds to an integer linear combination of columns indexed by F ∪ {a}, with the coefficient of
a nonzero. The associated binomial xv+ − xv− ∈ In,k,t verifies supp(v+) ⊆ F . Therefore, by
Theorem 3.14 we obtain |F | ≥ 2t and any set of 2t − 1 vertices or less is a face of Pn,k,t. □

Remark 3.17. A complete description of the faces of Pn,k,t through supporting hyperplanes
appears to be complicated. However, if 2k < n, it can be shown that every set of vertices
v1, . . . ,vℓ with ℓ < 2t is contained in a proper face by providing a supporting hyperplane. Let
v1, . . . ,vℓ be vertices of Pn,k,t and F1, . . . , Fℓ be the corresponding k-subsets. Consider the set

T = {T ∈ 2[n] : |T | = t, T ⊆ Fi for some i = 1, . . . , ℓ} .
Let HT be the affine hyperplane cut out by the equation∑

T∈T

yT −
(
k

t

)
= 0 .

Clearly, the vectors v1, . . . ,vℓ belong to HT and each vertex of Pn,k,t is contained in the half-
space HT ≤ 0. Since 2k < n we have 2t

(
k
t

)
<

(
n
k

)
. The combinatorial meaning of the
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inequality is the following: any t-subset of k chosen elements can be completed to a k-subset
of [n] by picking k− t elements among the remaining ones. This, together with ℓ < 2t, implies:

|T | ≤ ℓ

(
k

t

)
≤ 2t

(
k

t

)
<

(
n

k

)
.

It follows that there exists a set X /∈ T of size t and a vertex v of Pn,k,t that does not lie in HT .

Each k-uniform null t-design can be equivalently expressed as a squarefree homogeneous
polynomial of degree k in n variables whose coefficients are the values of f on the correspond-
ing sets of cardinality k. From this formulation it is easier to express a minimal set of generators
for the Z-module of k-uniform null t-designs. The following result was firstly proven by Graver
and Jurkat in [GJ73, Theorem 4.2], here we refer to the formulation of Graham, Li, and Li.

Theorem 3.18 ([GLL80, Theorem 1]). The Z-module of k-uniform null t-designs with domain
2[n] and values in Z is generated by the collection of polynomials of the form

p(x1, . . . , xn) = (xi1 − xi2)(xi3 − xi4) . . . (xi2t+1 − xi2t+2)xi2t+3 . . . xik+t+1
.

Designs corresponding to the polynomials in Theorem 3.18 are commonly known as (t, k)-
pods and have positive support of cardinality 2t. This translates into the following corollary.

Corollary 3.19. Theorem 3.16 is optimal, i.e., the polytope Pn,k,t is not 2t-neighbourly.

3.2. Specht polynomials and octahedra. In this subsection we discuss the interpretation of
(t, k)-pods as Specht polynomials arising from Young tableaux. This follows from the indepen-
dent versions of Theorem 3.18 given by Spink in terms of orientations of hyperoctahedra and
by Morita, Wachi and Watanabe [MWW09, Theorem 22] in terms of Specht polynomials (see
also [HMM+13, Section 9.3]).

Theorem 3.20 ([Spi20, Theorem 2.4]). For all n, k, t, the kernel of An,k,t is generated as a
Z-module by binomials arising from the orientation of hyperoctahedra.

To explain the connection, we briefly recall the notion of Young tableaux. A sequence of
integers λ = (λ1, . . . , λs) such that λ1 ≥ · · · ≥ λs ≥ 0 defines a partition of n = λ1+ · · ·+λs.
The associated Young diagram Dλ is a left-justified array of s rows of boxes stacked on top of
each other where the i-th row of Dλ has λi boxes. Filling Dλ by assigning a value to each box
yields a Young tableau of shape λ and size n. Young tableaux are ubiquitous in the theory of
representations as partitions of n and they are in bijection with the irreducible characters of Sn

over C. Bases of such irreducible representations are described by standard Young tableaux
of size n, which are tableaux whose entries are strictly increasing along every row and every
column. We refer to the standard reference [Ful97] for a detailed treatment of these connections.

To a standard Young tableau T of shape λ and size n we associate its Specht polynomial.
This is a homogeneous polynomial FT ∈ K[x1, . . . , xn] defined via Vandermonde determinants.
Although the general definition is quite technical, it is significantly simplified in our context.
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Suppose T has shape λ = (n− s, s), and let i1, . . . , in−s and j1, . . . , js be the fillings of the first
and second row, respectively. Then the Specht polynomial of T is

FT =
s∏

k=1

(xik − xjk).

If A = K[x1, . . . , xn]/(x
2
1, . . . , x

2
n), the Specht polynomials associated to a standard Young

tableaux of shape (n− s, s) span the kernel of the map (see [HMM+13, Section 9.3])

∇ : A → A, ∇(f) =
∂f

∂x1

+ · · ·+ ∂f

∂xn

.

The matrix representing the map ∇k−t : Ak → At is (k − t)! times the matrix An,k,t that
gives a monomial parametrization for the toric incidence ideal In,k,t [Hol25, Proposition 3.7].
In particular, Specht polynomials of type (n− s, s) can be seen as a set of vectors that generate
the kernel of An,k,k−1. Note that polynomials of the form FT can be characterized by a set
of pairs such that these are the only pairs that do not appear together in the monomials of
FT . In other words, the monomials in the support of FT correspond exactly to the facets of
a crosspolytope. In [Spi20] the setting where t ̸= k − 1 is also considered, and in this case
Spink calls the corresponding complexes hyperoctahedra. These complexes can be obtained
from crosspolytopes by coning over a simplex.

From now on, we denote by Jn,k,t the octahedral ideal generated by the binomials corre-
sponding to hyperoctahedra. By Theorem 3.20 we know that the kernel of An,k,t is generated
by the hyperoctahedra and so, by [MS05, Lemma 7.6], we obtain

In,k,t = Jn,k,t : (x1 · · · xn)
∞,

geometrically this translates into V(In,k,t) = V(Jn,k,t) ∩ (K∗)n. In other words, the varieties
defined by the two ideals coincide up to connected components contained in the union of the
coordinate hyperplanes. This leads us to the following question.

Question 3.21. Do the embedded components of V(Jn,k,t) have lower dimension than V(In,k,t)?
In particular, does the following equality hold for every n, k, t

degV(In,k,t) = degV(Jn,k,t)?

A positive answer to Theorem 3.21 would imply that Jn,k,t captures most of the geometric
information of the toric variety defined by In,k,t.

4. BALANCED PSEUDOMANIFOLDS

We now interpret toric incidence ideals from a topological point of view. The key insight is
the fact that the monomial parametrization of In,k,k−1 can be viewed as a (signless) boundary
map of the skeleton of a simplex. In particular, if ∆ is a simplicial complex of dimension
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k − 1 whose top boundary map has rows that can be multiplied by constants in order to obtain
a submatrix of An,k,t, then homology cycles of ∆ correspond to elements of In,k,t.

Example 4.1. Consider the octahedron ∆ from Figure 3a with partition V1⊔V2⊔V3. Order the
vertices of ∆ such that u < v whenever u ∈ Vi, v ∈ Vj and i < j. Under this ordering, the last
boundary map ∂ of ∆ is the following matrix:



135 145 136 146 235 245 236 246

15 −1 −1 0 0 0 0 0 0
16 0 0 −1 −1 0 0 0 0
13 1 0 1 0 0 0 0 0
14 0 1 0 1 0 0 0 0
25 0 0 0 0 −1 −1 0 0
26 0 0 0 0 0 0 −1 −1
23 0 0 0 0 1 0 1 0
24 0 0 0 0 0 1 0 1
35 −1 0 0 0 −1 0 0 0
36 0 0 −1 0 0 0 −1 0
45 0 −1 0 0 0 −1 0 0
46 0 0 0 −1 0 0 0 −1


Note that each row of ∂ either only has nonzero positive entries, or nonzero negative entries. In
particular, multiplying every row with negative entries by −1 gives a submatrix of An,k,t.

Finding triangulations of (pseudo)manifolds with a bipartite facet-ridge graph is a problem
addressed both in algebra [DN24, Theorem 4.6] and in combinatorics. The following state-
ment from [KN16] is a variation of an earlier result due to Joswig [Jos02, Proposition 11] (see
also [KNN16, p. 22]), and it is where the procedure from Theorem 4.1 was first described.

Lemma 4.2 ([KN16, Lemma 6.2]). Let ∆ be a balanced d–dimensional simplicial complex
with d ≥ 2. If ∆ is a normal pseudomanifold without boundary, then ∆ is orientable if and only
if the facet-ridge graph of ∆ is bipartite.

Theorem 4.2 explains the octahedral quartics from Theorem 3.5: monomials in these quartics
correspond to facets of an octahedra. The octahedron is the simplest balanced triangulation of
a sphere, hence the quartics coming from orientations are in the ideal In,k,t also after increasing
the dimension of the octahedra and varying n, k, t accordingly. We can show the following.

Theorem 4.3. Let k ≥ 3 and let ∆ = ⟨σ1, . . . , σs⟩ be a balanced orientable normal (k − 1)–
pseudomanifold without boundary on n vertices, and orientation ε = ε1σ1 + · · ·+ εsσs. Then∏

i∈[n]
εi=1

cσi
−

∏
j∈[n]
εj=−1

cσj
∈ In,k,k−1. (4.1)

Moreover, the binomials above are in the Graver basis of In,k,k−1.



INCIDENCE TORIC IDEALS AND THREE-POINT FUNCTIONS 15

Proof. By Theorem 4.2 the facet-ridge graph of ∆ is bipartite. Since ∆ is a pseudomanifold
without boundary, we know every ridge is contained in exactly 2 facets. Given a partition
V1 ⊔ · · · ⊔ Vk of the vertices of ∆, order the vertices such that u < v whenever u ∈ Vi and
v ∈ Vj where i < j. Under this ordering, the sign of a nonzero entry corresponding to a facet F
and a ridge σ ⊂ F in the top boundary map of ∆ depend only on the parity of i where u = F \σ
and u ∈ Vi. This implies we may multiply the rows of the top boundary map ∂ of ∆ to remove
negative signs and obtain a submatrix of An,k,k−1. More specifically, there exists an invertible
diagonal matrix D such that D∂ is a submatrix of An,k,k−1. Since ∆ is orientable, the map ∂
has a kernel generated by ε. Hence D∂ also has a 1-dimensional kernel generated by ε. The
first part of the statement then follows.

For the final part, assume for the sake of contradiction that the binomial is not primitive. Then
there exists ε′ and another binomial

m′ =
∏
i∈[n]
ε′i=1

cσi
−

∏
j∈[n]
ε′j=−1

cσj
∈ In,k,k−1,

such that ε′+ < ε+ and ε′− < ε−. As ∆ is orientable, we know H̃k−1(∆;Z) = Z, and since by
the arguments in the first part ε′ is also a nonzero element in H̃k−1(∆;Z), we conclude ε′ is a
constant multiple of ε, that is a contradiction. □

An interesting consequence of Theorem 4.3 is that we can use results from the theory of
triangulations of balanced pseudomanifolds in order to find new elements of In,k,k−1 by applying
certain operations on binomials in In′,k,k−1, where n′ < n.

Example 4.4. In [IKN17], Izmestiev, Klee and Novik study the balanced versions of bistellar
flips, which they call cross-flips. We describe a new type of binomial in the Graver basis of
I9,3,2 based on applying one of their cross-flips to the octahedral quartics of I6,3,2.

Let m = c136c246c145c235 − c146c236c245c135 be the octahedral quartic from (3.3). Apply-
ing Theorem 4.3 and the first move from [IKN17, Fig. 1] to the facet {1, 4, 5} of the boundary
of the octahedron from Figure 3a, we get the primitive binomial

c146c236c135c245c678c179c389 − c789c167c368c139c246c145c235 ∈ I9,3,2.

Octahedral quartics obtained by different labelings induce different primitive binomials in I9,3,2.

Remark 4.5 (Principal symmetric ideals). In [HSŞ25], Harada, Seceleanu and Şega intro-
duced a class of symmetric ideals called principal symmetric ideals, which are ideals of the
form (σ · f : σ ∈ Sn) ⊆ R = K[x1, . . . , xn], where Sn is the symmetric group on n elements,
and the action of Sn on R is given by permuting variables. We note that the ideal Jn,k,t is
not principal symmetric in the sense of [HSŞ25], since it is inside a polynomial ring on

(
n
k

)
variables, and it is not invariant under the natural action of the symmetric group on

(
n
k

)
ele-

ments. There is, however, a natural action of the symmetric group on n elements on the ring of
Jn,k,t that sends xA to xσA, where σA = {σ(i) : i ∈ A}. Under this action, the ideal Jn,k,t is
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FIGURE 4. Triangulation of a 2-sphere obtained by applying the first cross-flip
from [IKN17, Fig 1] to the facet {1, 4, 5} of the complex from Figure 3a.

easily seen to be principal and symmetric, as it is generated by a single binomial m and other
binomials of the form σ ·m.

5. THREE POINT FUNCTIONS

In this final section, we return to our original motivation and focus on studying the algebraic
relations among three-point functions. In our setup, we consider n massless particles with
momenta vectors p1, . . . , pn in Rd. We denote by pi,j the pairwise products pi · pj with respect
to the Lorentzian inner product and collect them in an n× n symmetric matrix P = (pi,j), that
has zeros on the diagonal. We focus on the following simplified form of three point functions

Ci,j,k :=
1

pi,jpj,kpi,k
for 1 ≤ i < j < k ≤ n .

The algebraic relations among these functions are the same as the relations among their recip-
rocals ci,j,k = pi,jpj,kpik, generating the ideal Ĩn,d of C[ci,j,k : 1 ≤ i < j < k ≤ n]. If the
dimension of the ambient space d is at least the number of particles n, there are no algebraic
relations among the pi,j’s, that we treat as independent variables. Then the ideal Ĩn,d coincides
with the incidence toric ideal In,3,2 in Theorem 3.2. In general, we have the following result.

Theorem 5.1. [EMSS24, Theorem 2.5] The algebraic relations among the pi,j’s are given by
the (d+ 1)-minors of P .
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The ideals Ĩn,d form a stabilizing descending chain

Ĩn,1 ⊇ Ĩn,2 ⊇ · · · ⊇ Ĩn,n = Ĩn,n+1 = · · · = In,3,2.

The ideal Ĩn,n has been widely discussed in previous sections. Here we focus on the smallest
non-toric case, which is Ĩn,n−1. This is obtained by adding the determinant of the symmetric
matrix P to Ĩn,n. However, the determinant is an element of C[pi,j], and it may not be contained
in the subring C[ci,j,k]. Therefore, we must determine to what extent det(P ) can be expressed
in terms of ci,j,k’s. To be more precise, our goal is to answer the following question.

Question 5.2. Consider the symmetric matrix P with zero on the diagonal. Does there exist an
element q ∈ K[pi,j][x] such that q(det(Pn)) ∈ K[ci,j,k]?

We denote by (Gn, ·) the free abelian group generated by the pi,j’s and by Cn the subgroup
of Gn generated by the ci,j,k’s. Let Hn ⊆ Sn be the set of derangements of n elements, i.e., all
the permutations in Sn with no fixed points. We consider the map

φn : Hn → Gn, φn(σ) = p1,σ(1)p2,σ(2) . . . pn,σ(n).

We simply write φ when the domain is clear from the context.

Proposition 5.3. The map φ is not injective. In particular, we have |φ−1(φ(σ))| = 2t(σ)−s(σ),
where t(σ) is the number of cycles appearing in the cycle decomposition of σ and s(σ) is the
number of transpositions in such decomposition.

Proof. Any n-cycle σ and its inverse have the same image. It is enough to show it for σ =
(1 2 · · · n). If φ(τ) = φ(σ) = p1,2p2,3 · · · pn,1 we have τ(1) = 2 or τ(2) = 1, as p1,2 = p2,1.
The first case, as a domino effect, implies τ(2) = 3, . . . , τ(n) = 1, that is, τ = σ. Similarly,
in the second case τ = σ−1. Since φ commutes with respect to the product of disjoint cycles
σ1, . . . , σt we get:

φ−1(φ(σ1 · · · σt)) = {(σ1 · · · σt)
ε : ε ∈ {±1}t}.

Considering that a 2-cycle is self-inverse, we conclude that |φ−1(φ(σ))| = 2t(σ)−s(σ). □

Since the sum in the Leibniz expansion of det(Pn) runs only over Hn, a strategy to answer
Question 5.2 is to understand for which n ∈ N the image of φ is in Cn. We prove it for n = 3k
and use this to attack the remaining cases. The following lemma is a direct computation.

Lemma 5.4. For distinct indices i, j, k, s, t ∈ [n] we have the following relations

pk,ipj,s = pk,jpi,s
ck,i,tcj,s,t
ck,j,tci,s,t

and pi,jpi,j = pk,spk,s
ci,j,kci,j,s
ci,k,scj,k,s

.

As next step, we show that images of derangements belong to the same left coset of Cn in
Gn.
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Proposition 5.5. If n ≥ 5, for every derangement σ ∈ Hn with t(σ) ≥ 2 there exists σ̄ ∈ Hn

with t(σ̄) = t(σ)− 1 such that φ(σ) ∈ φ(σ̄)Cn. In particular, for any σ1, σ2 ∈ Hn we have

φ(σ1) ∈ φ(σ2)Cn.

Proof. Since t(σ) ≥ 2, there are distinct i, j belonging to two different cycles in the decompo-
sition of σ. Then, t((i, j) ◦ σ) = t(σ)− 1. By Lemma 5.4 for any ℓ ̸= i, j, σ−1(i), σ−1(j)

φ((i, j) ◦ σ) = φ(σ)
cσ−1(i),j,ℓ cσ−1(j),i,ℓ

cσ−1(i),i,ℓ cj,σ−1(j),ℓ

∈ Cn,

and we conclude that φ(σ) ∈ φ(σ̄)Cn. The second part follows using Lemma 5.4. □

Proposition 5.6. Let n be an integer divisible by 3 and let σ ∈ Hn. Then, φ(σ) ∈ Cn.

Proof. Since n is divisible by 3, we have σ = (1 2 3)(4 5 6) · · · (n− 2 n− 1 n) ∈ Hn. Clearly,
φ(σ) = c1,2,3c4,5,6 · · · cn−2,n−1,n ∈ Cn. We conclude by applying Proposition 5.5. □

Lemma 5.7. Let n > 2 be a positive odd integer such that n ≡ 2 (mod 3). Then,∏
1≤i<j≤n

pi,j ∈ p1,3p2,3p2,4p1,4 · Cn.

Proof. Let q be a reduced word in Gn such that
∏

1≤i<j≤n pi,j ∈ qCn. Since
(
n
2

)
≡ 1 (mod 3),

we have that the lt(q) ≡ 1 (mod 3), where lt(q) is the length of q. Since n is odd, every index
i ∈ [n] appears an even number of times in

∏
1≤i<j≤n pi,j , and therefore also in q. This implies

that lt(q) > 1. Moreover, if lt(q) ≥ 7, since every index i ∈ [n] appears an even number
of times, there exist σ1, . . . , σℓ such that q = φ(σ1) · · ·φ(σℓ). Applying Lemma 5.4 multiple
times gives that for each i ∈ [ℓ], σi is either a transposition or a 3-cycle. We can assume that
at least one of them is a 3-cycle. Otherwise, we have at least 3 transpositions appearing, and
by applying Lemma 5.4 we can construct a 3-cycle. So, without loss of generality, let σ1 be a
3-cycle. Then q ∈ φ(σ2) · · ·φ(σℓ)Cn and lt(φ(σ2) · · ·φ(σℓ)) < lt(q), and we conclude. □

Proposition 5.8. Let n > 2 be an odd integer such that n ≡ 2 (mod 3) and let σ ∈ Hn. Then:

φ(σ)
∏

1≤i<j≤n

pi,j ∈ Cn.

Proof. Let σ ∈ Hn be a derangement. Then, by applying Lemma 5.4 and up to reordering the
indices, we have that φ(σ)

∏
1≤i<j≤n pi,j ∈ Cn if and only if

φ((1, 2)(3, . . . , n))
∏

1≤i<j≤n

pi,j ∈ Cn .
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By Proposition 5.6, we obtain that φ((3, . . . , n)) ∈ Cn. By Lemma 5.7, we have that

φ((1, 2))
∏

1≤i<j≤n

pi,j ∈ Cn ⇐⇒ φ((1, 2))p1,3p2,3p2,4p1,4Cn ∈ Cn

⇐⇒ p1,2p1,2p1,3p2,3p2,4p1,4Cn,

and so we conclude since p1,2 p1,2 p1,3 p2,3 p2,4 p1,4 = c1,2,3 c1,2,4 ∈ Cn. □

Proposition 5.9. Let n > 2 be an integer such that n ≡ 2 (mod 3) and let σ1, σ2, σ3 ∈ Hn.
Then, φ(σ1)φ(σ2)φ(σ3) ∈ Cn

Proof. By Proposition 5.5 and Proposition 5.6 we have that for any σ ∈ Hn

φ(σ) ∈ φ((1, 2))Cn = φ((1, 3))Cn = φ((2, 3))Cn.

Then
φ(σ1)φ(σ2)φ(σ3) ∈ φ((1, 2))φ((1, 3))φ((2, 3))Cn.

Moreover,
φ((1, 2))φ((1, 3))φ((2, 3)) = p21,2p

2
1,3p

2
2,3 = c21,2,3,

and so φ(σ1)φ(σ2)φ(σ3) ∈ Cn for all σ1, σ2, σ3 ∈ Hn. □

Proposition 5.10. Let n > 4 be an integer such that n ≡ 1 (mod 3) and let σ1, σ2, σ3 ∈ Hn.
Then, φ(σ1)φ(σ2)φ(σ3) ∈ Cn.

Proof. By Proposition 5.5 and Proposition 5.6 we have that

φ(σ) ∈ φ((1, 2)(3, 4))Cn = φ((1, 3)(2, 4))Cn = φ((1, 4)(2, 3))Cn

for any σ ∈ Hn. Then,

φ(σ1)φ(σ2)φ(σ3) ∈ φ((1, 2)(3, 4))φ((1, 3)(2, 4))φ((1, 4)(2, 3))Cn.

Moreover,

φ((1, 2)(3, 4))φ((1, 3)(2, 4))φ((1, 4)(2, 3)) = p21,2p
2
3,4p

2
1,3p

2
2,4p

2
1,4p

2
2,3 = c1,2,3c1,2,4c1,3,4c2,3,4,

and so φ(σ1)φ(σ2)φ(σ3) ∈ Cn for all σ1, σ2, σ3 ∈ Hn. □

Theorem 5.11. Let n ≥ 3 and n ̸= 4. Then,

(1) det(Pn) ∈ K[Cn] if n ≡ 0 (mod 3),
(2) det(Pn)

3 ∈ K[Cn],
(3) det(Pn)

∏
1≤i<j≤n pi,j ∈ K[Cn] if n ≡ 5 (mod 6).

Proof. Follows from Proposition 5.6, Proposition 5.8, Proposition 5.9, and Proposition 5.10.
□

The previous theorem allows us to prove that, if n ≡ 0 (mod 3), the ideal Ĩn,n−1 is generated,
up to saturation, by the elements of Ĩn,n and an additional polynomial in K[ci,j,k].
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Proposition 5.12. For n ≡ 0 (mod 3), there exists f ∈ K[ci,j,k] such that

Ĩn,n−1 = Ĩn,n +
(
f :

(∏
ci,j,k

)∞)
.

Proof. By Theorem 5.11 there exist f, g ∈ K[ci,j,k] coprime such that det(Pn) = f/g, with g a
monomial. Since the ideal Ĩn,n−1 is the kernel of the map

φ : K[ci,j,k] → K[pi,j]/(det(P )),

if r is in ker(φ), there exists h =
∑

α hα ∈ K[pi,j] with hα monomials such that

φ(r)φ(g) = φ(f)
∑
α

hα.

We prove by induction of the number of terms in h that for every α there exist two monomials
s1, s2 ∈ K[ci,j,k] such that hα = φ(s1/s2). If h = 0, the statement is trivially true. If h ̸= 0, also
φ(f)h ̸= 0. Let m be a term of φ(f)h. This implies that there exists a term fi of f , a term ri
of r, an index ᾱ, and a costant c ∈ K such that φ(cri)φ(g) = φ(fi)hᾱ and so hᾱ = φ(crig/fi).
Then, we get

φ(r)φ(g)− φ(f)φ

(
crig

fi

)
= φ(f)

∑
α̸=ᾱ

hα

that is
φ(fir − cfri)φ(g) = φ((fi)f)

∑
α̸=ᾱ

hα.

Since
∑

α̸=ᾱ hα as one term less than h, we conclude by the inductive hypothesis.

So, there exist r̄ ∈ Ĩn,n, q ∈ K[ci,j,k] and m ∈ N such that

r =
f

g

q

(
∏

ci,j,k)
m + r̄ .

We conclude that r ∈ Ĩn,n + (f : (
∏

ci,j,k)
∞), and so Ĩn,n−1 ⊆ Ĩn,n + (f : (

∏
ci,j,k)

∞). The
other inclusion is straightforward. □

This result represents the first step toward understanding the non-toric case of the ideals Ĩn,d
and opens new directions for further investigation.

Open Problem 5.13. How can one construct a basis for the ideals Ĩn,d, when d < n− 1?
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